Steering of magnetic nano-/microhelices by a rotating magnetic field is considered as a promising technique for controlled navigation of tiny objects through viscous fluidic environments. It has been recently demonstrated that simple geometrically achiral planar structures can also be steered efficiently. Such planar propellers are interesting for practical reasons, as they can be mass-fabricated using standard micro/nanolithography techniques. While planar magnetic structures are prone to inplane magnetization, under the effect of an in-plane rotating magnetic field, they exhibit, at most, propulsion due to spontaneous symmetry breaking, i.e., they can propel either parallel or antiparallel to the rotation axis of the field depending on their initial orientation. Here we demonstrate that actuation by a conically rotating magnetic field (i.e., superposition of in-plane rotating field and constant field orthogonal to it) can yield efficient unidirectional propulsion of planar and magnetized in-plane structures. In particular, we found that a highly symmetrical V-shape magnetized along its symmetry axis which exhibits no net propulsion in in-plane rotating field, exhibits unidirectional in-sync propulsion with a constant (frequency-independent) velocity when actuated by the conically rotating field.
I. INTRODUCTION
Controlled propulsion of artificial micro-and nanostructures that can be actuated and precisely navigated through a fluidic environment has recently attracted considerable attention. While many different approaches ranging from catalytic nanowires to thermally, light-and acoustically-driven nanomachines are being explored, driven propulsion powered by an external rotating magnetic field offering remote, engine-less and fuel-free steering of micro-/nanostructures, is particularly appealing for prospective biomedical applications (see [1, 2] for review).
Originally bio-inspired helical micro/nanopropellers were demonstrated [3, 4] and extensively studied, e.g., [5] [6] [7] [8] . Such helical 'swimmers' are actuated by the weak (few milli Tesla) uniform in-plane rotating magnetic field and propel unidirectionally along the field rotation axis similar to a twirling bacterial flagella. However, fabrication of three-dimensional (3D) helical micro-and nanoscale structures typically requires complicated fabrication techniques, e.g, "top-down" approach [4] , glancing angle deposition [3, 8] , direct laser writing [9] , biotemplated synthesis using biological spiral structures [10, 11] , two-photon polymerization of a curable superparamagnetic polymer composite [12, 13] , spiraling microfluidic flow lithography [14] , etc. One interesting proposal to circumvent complicated microfabrication is to use onedimensional soft magnetic nanowires [15, 16] that supposedly acquire helicity when actuated by rotating field due to an interplay of viscous and elastic forces. An alternative method that does not require sophisticated micro- * lisha@technion.ac.il fabrication involves spontaneous aggregation of magnetic nanoparticles into random-shaped 3D clusters [17, 18] . However, on average such random-shaped clusters appear to be significantly less efficient propellers in comparison to the structures with preprogrammed geometry and magnetization [19] .
Another interesting option relies on the fact that geometric chirality is not required for driven propulsion based on rotation-translation coupling. It was recently demonstrated that geometrically achiral planar objects made of three interconnected magnetized microbeads can be steered quite efficiently by an in-plane rotating magnetic field [20, 21] . Such two-dimensional (2D) ferromagnetic propellers are of practical interest, as they can be mass-fabricated via standard photolithography methods [22] . Recently developed microfluidic stop-flow lithography can also be used for high-throughput fabrication of superparamagnetic 2D microstructures with high saturation magnetization [23] .
The theory of magnetically driven propulsion of an arbitrary shaped object was developed in [24] , suggesting that the notion of chirality should account not just for the object's geometry, but also for orientation of the magnetic dipolar moment affixed to it. In particular it was predicted that specific magnetization of the geometrically achiral planar object can actually render it chiral resulting in unidirectional propulsion similar to helices. A combined theoretical and experimental study of planar V-shaped structures actuated by an in-plane rotating magnetic (or electric) field was recently conducted in Ref. [25] . The correspondence (depending on orientation of the dipolar moment) between different propulsive solutions was established based on symmetry arguments involving parity, P , and charge conjugation, C, as the in-plane rotating magnetic field is invariant under P FIG. 1. Schematic diagrams illustrating (a) C P -symmetry of a slim planar V-shape propeller magnetized in its plane, (b) A pair of dual solutions related by symmetry and having opposite propulsion velocities along +z (left) and −z (right) direction, respectively, when actuated by an in-plane rotating magnetic field, H. Principal axes of rotation {e1, e2, e3} are shown in (a); red arrow stands for the magnetic dipole moment m; R2 stands for rotation by π around the body frame principal axis e2.
and C R z . Here R z stands for rotation by π around the field rotation z-axis. In general, there could be two stable rotational solutions resulting in different propulsion velocities. In particular, it was found that highly symmetrical achiral ( P -even) V-shaped objects (e.g., with magnetization along e 3 or e 2 , see Fig. 1a ) exhibit no net propulsion at all. Furthermore, it was demonstrated that a V-shaped object, magnetized along any principal axis of rotation will exhibit no net in-sync propulsion regardless of its symmetry [25] . Individual magnetized in-plane (as in Fig. 1a ) C P -even objects can efficiently propel due to spontaneous symmetry breaking. However, since C Psymmetry inverts linear velocities, the dual rotational solutions yield propulsion with equal, but opposite velocities (see illustration in Fig. 1b) . It was also confirmed experimentally that in agreement with the prediction in [24] the off-plane magnetized V-shaped object with intrinsically broken ( C P -and P -) symmetry, i.e., chiral as well as C P -chiral, can propel unidirectionally.
Since planar micro/nano-structures are prone to inplane magnetization while uniform off-plane magnetization of multiple samples is not an easy task, the interesting question is whether planar nanopropellers can be steered in a controllable fashion? As it will be shown below, controlled propulsion can be achieved using a conically rotating field, i.e., by adding an extra constant magnetic field along the field rotation z-axis breaking the C R z -symmetry. The role of the constant field is to orient the magnetic moment along the z-axis and this results in selection of one of the dual solutions in Fig. 1b (on the left) over the other. We also shall demonstrate that a highly symmetrical planar V-object magnetized along its symmetry axis (e 1 -axis in Fig. 1a ) which shows no net propulsion in an in-plane rotating field (see [25] ), can be steered unidirectionally by the conically rotating field similar to a magnetic helix.
II. PROBLEM FORMULATION
We assume conical rotating magnetic field H H = H(x cos ωt +ŷ sin ωt +ẑδ) ,
where H and ω are, respectively, the amplitude and angular frequency of the rotating field and H z = δH is the value of the constant magnetic field along the field rotation z-axis, such that tan −1 (1/δ) is the cone angle. We further assume that the motion of the magnetized object is force-free and driven solely by the magnetic torque L = m × H, where m is the magnetic moment affixed to the object. In the zero-Reynolds-number (Stokes) approximation, the condition of the balance of forces and torques acting on the particle reads
Here U and Ω are the translational and angular velocities of body, G and F are the coupling and rotation viscous mobility tensors, respectively. The triad of unit eigenvectors, {e 1 , e 2 , e 3 } of F makes up the body-frame principal rotation axes. We fix their order such that the corresponding eigenvalues satisfy
The lab-frame unit vectors {x,ŷ,ẑ} are related to the bodyframe axes {e 1 , e 2 , e 3 } by a rotation matrix R parameterized by, e.g., the three Euler angles ϕ, θ and ψ (standard "3-1-3" parametrization) describing the instantaneous orientation of the object in the lab frame,
where we use the compact notation:
, where superscripts "b" and "l" stand for the body-and lab-frame of reference respectively.
The permanent magnetic moment in the body-frame axes is given by m = m (n 1 e 1 + n 2 e 2 + n 3 e 3 ) ,
where n i are projections of the unit vector n = m/m = s Φ c α e 1 + s Φ s α e 2 + c Φ e 3 expressed via the spherical polar, Φ, and azimuthal, α, angles, respectively.
Angular velocity. It is most convenient to express the problem of driven rotation (the second equation in (2)) in the body-frame where F = diag(F 1 , F 2 , F 3 ) is fixed and the components of the angular velocity Ω are expressed through the Euler angles via the relations [24] :
where the dot stands for the time derivative. Expressing the magnetic field (1) in the body-frame components,
where we denote ζ = s θ s ϕ + δc θ and χ = s ϕ c θ − δs θ . Here ϕ = ϕ − ωt, n ⊥ = sin Φ, ω 0 = mHF ⊥ the characteristic angular frequency with F ⊥ being the geometric mean minor mobilities,
2 )/2 and p = F 3 /F ⊥ ≥ 1 and ε = (F 2 − F 1 )/(F 2 + F 1 ) ≥ 0 are, respectively, the longitudinal and the transverse rotational anisotropy parameters. For the in-plane rotating field (δ = 0) the Eqs. (6) (7) (8) reduce to Eqs.(5-7) in [24] .
We look for solutions which turn in-sync with the magnetic field, i.e., rotating about the z-axis with angular velocity
From the comparison of (9) and (5) it follows that the insync regime corresponds to constant values of the three Euler angles ψ, θ and ϕ = ϕ − ωt, so that Eqs. 8 simplify to
where ω = ω/ω 0 is the dimensionless actuation frequency. The Eqs. (10)- (12) shall be used to make analytical progress in some particular cases, e.g., magnetization along principal rotation axes, where one may expect net propulsion (in comparison with the case of δ = 0 where net propulsion is not possible [25] ). In general numerical solution of (10)- (12) or time integration of (6)- (8) for some initial values of the angles is required.
Linear velocity. The linear velocity, U can be found in the same way as was done for in-plane rotating field [19, 24, 25] , as the constant component of the field δHẑ affects propulsion only through dynamic orientation of the propeller. Expressing the magnetic torque, L, from the second equation in (2) and substituting it into the the first equation in (2), the translational velocity can be readily found as U = G · F −1 · Ω . By symmetry the time-averaged linear velocity for in-sync actuation is along the z-axis. Taking a scalar product on both sides of this equation with Ω = ωẑ we readily obtain it in a compact covariant form as where Ch is a dimensionless chirality matrix given by the symmetric part of
with ℓ being the characteristic length and Ω = Ω /ω =ẑ the normalized (unit) angular velocity. It is most convenient to write the RHS of (13) in the body frame whereas Ch is fixed and Ω being expressed via the Euler angles as in (9) . Note that Ch (in contrast to G) is independent of the choice of coordinate origin. Under rotation of the coordinate frame it transforms as a (symmetric) pseudo-tensor. Applying Eq. (13) to the symmetric V-shaped object (see Fig. 2 ) whereas Ch has a pair of identical nonzero off-diagonal entries is straightforward. For such structures the easy rotation axis e 3 (corresponding to the largest eigenvalue F 3 ) is always parallel to the line connecting the arms of the V-shape, one minor axes coincides with the symmetry axis and another is perpendicular to the plane of the V-shape. For definiteness we choose the in-plane minor axis (along the symmetry axis) along the line bisecting the acute/obtuse angle formed by the arms of V-shape and pointing away from the vertex, as shown in Fig. 2 . It should be noticed however that our convention of fixing the body frame in a way that F 1 ≤ F 2 ≤ F 3 can result in the interchange of minor axes, e 1 ↔ e 2 (and e 3 ↔ −e 3 to keep the frame right-handed) upon varying the V-shape opening angle or the aspect ratio h:w as shown in Fig. 2 . Considering for definiteness the case of chubby V-shape shown in Fig. 2b where the only nonzero elements of G are G 13 = G 31 , then (13) reduces to
where Ch = Ch
is the pseudo-chiral coefficient [24, 25] .
When the same V-shaped propeller is not turning insync with the field, the propulsion velocity is given by (see Appendix A):
Clearly, for in-sync actuationθ =ψ = 0,φ = ω and (15) reduces to (14) . When the minor axes interchange (see Fig. 2a ) the similar equations apply with ψ → π/2 − ψ, θ → π − θ and G 23 replacing G 13 everywhere.
III. HYDRODYNAMIC MOBILITIES OF PLANAR V-STRUCTURES
We apply particle-based method [26] for computing mobility tensors F , G, the resulting anisotropy parameters p, ε and the chirality matrix Ch for planar V-shaped propellers. This technique is based on multipole expansion of the Lamb's spherical harmonic solution of the Stokes equations. The object is approximated by (i) monolayer of N touching rigid spheres of radius a, as shown in Figs. 3a-c, e or (ii) a hollow structure with beads retracing the perimeter (see Figs. 3d,f) . Thickness of the propeller is controlled by varying the number of beads approximating the object. This particlebased approach was previously applied for modeling selflocomotion of an undulating flexible filament [27] , magnetically driven propulsion of rigid helical [6, 8] and arcshaped [24, 25] structures and random fractal-like aggregates [19] .
The results of the computation are collected in Table I for different values of the central angle γ of the V-shape.
For straight stripes (γ = π) rotation-translation coupling vanishes, G = 0, as can be anticipated from symmetry. Under the convention for the body frame selection (see Sec. II), for generic value of γ the coupling matrix G has exactly two nontrivial off-diagonal elements G i3 = G 3i with either i = 1 or, respectively, i = 2, depending on geometry of the structure. We find G 13 < 0 for V-shapes with the opening angle γ = π/2, while for V-shapes with the opening angle γ = 2π/3 upon increasing the slenderness the minor axes interchange, e 2 ↔ e 1 (as illustrated in Fig. 2 ) leading to a sudden change of sign of G i3 and Ch in Table I , such that G 23 > 0 becomes the only nontrivial entry.
As one may expect for Stokes flows, the computed rotational and coupling mobilities of hollow 2D structures (in Fig. 3d,f) are quite close to these found for the respective densely packed structures (in Fig. 3c,e) . 
IV. ACTUATION OF V-SHAPED PROPELLERS BY A CONICAL MAGNETIC FIELD
In this section we shall consider a number of analytically tractable cases and approximate solutions. In the analysis below we assume, for definiteness, the orientation of the principal axes as shown in Fig. 2b . Modification of the present analysis for the slim structures (as in Fig. 2a) is straightforward.
A. Magnetization along the symmetry e2-axis
Assuming magnetization along the symmetry axis e 2 , i.e., n 1 = n 3 = 0 and n 2 = n ⊥ = 1, we have Φ = α = π/2. Then from (11) it follows that ψ = ±π/2 (it can be readily seen that sin θ = 0 is not a solution). Substituting these values of the magnetization angles and ψ into Eqs. (10,12) we obtain
which imposes restriction on the value of δ (or ω) for which in-sync solution materializes. The ± signs correspond to two rotational solutions with acute and obtuse wobbling angle θ, respectively. Then, knowing θ the Euler angle ϕ can be found from (10) as Comparison of hydrodynamic mobilities of planar V-shaped structures. γ is the opening angle; 'f' and 'h' stand for either filled or hollow cluster, respectively; h:w is the height-to-width aspect ratio; Fi are the eigenvalues of the respective dimensionless rotational mobility tensor ηℓ 3 F ; Gi3 (i = 1 or 2) are the unique nonzero off-diagonal elements of the symmetrized coupling matrix ηℓ 2 G; Ch = Gi3(Fi −1 + F3 −1 )/2ℓ is the pseudo-chirality coefficient; ε and p are the transversal and longitudinal rotational anisotropy parameters, respectively.
Notice that as m is aligned with e 2 , the two (dual) rotational states in Eqs. (16) (17) are equivalent and cannot be distinguished due to arbitrariness in the choice of orientation of the principal axes: rotating the V-shape by π around e 2 brings the object to itself. Thus, one may consider only the solution corresponding to an acute wobbling angle θ < π/2. The positive value of s 2θ corresponds to the two distinct values of the precession angle θ, while only one (the smaller of the two, θ < π/4) proves to be stable (see the paragraph on stability below).
Clearly, the in-sync solution Eqs. (16) (17) persists in a limited range of actuation frequencies, ω * < ω < ω s-o , where
is imposed by Eq. (16) at θ = π/4 and the step-out frequency, ω s-o , by (17) at ϕ s-o = π/2. The step-out frequency can in turn be determined as follows. Using the identity sin 2θ = 2 cot θ/(1 + cot 2 θ) and substituting cot θ from Eq. (17) for sin ϕ = 1 into (16), we obtain the quadratic equation for ω s-o :
The larger root gives the step-out frequency:
where ǫ p = p(1 + ε). With ω s-o at hand, one can readily determine the precession angle at the step-out, θ s-o , from, e.g., Eq. 16. It can also be shown that at the step-out the angle β between magnetization m and the field H attains its maximal value of π/2, maximizing the magnetic torque.
As an example, for the V-structure with a cross-section aspect ratio h:w=1:2 and central angle γ = 120
• (see Table I), we have p = 2.74 and ε = 0.004. For this sample propeller, the wobbling angle at the step-out, θ s-o , increases with δ up to a maximum value ≈ 31.1
• at δ = 0.53 (see Fig. 4a ); above this value of δ no in-sync solution exist. The step-out frequency in Eq. (19) slightly diminishes with δ (see Fig. 4b ). For instance for δ = 0.1 and 0.4 we have ω s-o = 2.72 and 2.44, respectively. Notice that no stable in-sync solutions can be found at δ 0.478 (see Fig. 4b and the stability analysis below).
Substituting the steady-state solution for s 2θ from (16) and ψ = ±π/2 into (14) we readily obtain the in-sync propulsion velocity of a magnetic V-shape:
which surprisingly is independent of the actuation frequency. In contrast to helical propellers which swim the best when precession is minimized (similar to a corkscrew twirling around its long axis), efficient propulsion of planar structures requires considerable precession [24] . Since the wobbling angle, θ, diminishes with the actuation frequency as s 2θ ∼ 1/ω, while the propulsion velocity U z ∼ ωs 2θ , reduction of the precession angle is compensated exactly by the increasing rotation rate, rendering U z constant in a limited range of in-sync actuation frequencies ω * < ω < ω s-o . We consider Eq. (20) as a major result of the present paper. Animations of the in-sync driven rotation and propulsion of the sample propeller (with γ = 120
• and h:w=1:2, see Table I ) are provided in [28] for δ = 0.3 and several value of the actuation frequency ω/ω 0 . Notice that in the movies the magnetic moment m rotates in the xy-plane of the field. A simple way to show that, is to note that for in-sync solution we have Ω ẑ, while the magnetic torque L = F −1 ·Ω ⊥ m. Thus it follows that m · F −1 ·ẑ = 0 and since F is symmetric it means that F −1 · m ⊥ẑ. For an object magnetized along one of the principal axes (i.e., eigenvectors of F ) we have F −1 · m m so that m ⊥ẑ. The frequency dependence of the dimensionless propulsion velocity, U z /ν 0 ℓ [29] , of the same sample V-shape, where ν 0 = ω 0 /2π stands for the characteristic (cyclic) frequency, is depicted in Fig. 5 for several values of δ. The Euler angles were obtained by numerical integration of Eqs. (6)- (8) and the propulsion velocity computed using Eq. (15) . In agreement with the theory, the numer- ical solution produces constant propulsion velocity (20) in a finite range of in-sync actuation frequencies in accordance with Fig. 4b . At higher values of δ = 0.4 the basin of attraction of the constant in-sync solution (solid gray line) becomes narrow and for random initial orientation the asynchronous solution materializes for all frequencies (dashed black curve in Fig. 5 ). At low actuation frequency ω < ω * the solutions (dashed lines) are quasi-synchronous, meaning that Euler angles oscillate periodically about some constant values, so that on average the propeller rotates in-sync with the actuation frequency and its propulsion velocity is insensitive to the initial orientation. Above the step-out frequency the Vshape cannot catch up with fast rotating magnetic field and, as a result, it does not turn in-sync with the field. In this regime we found that the solution converges to a stable closed orbit solution (limit cycle) in (θ, ψ)-plane (with ϕ periodic modulo 2π) with average propulsion velocity described by the dashed line [30] . It should be noted however that the velocity oscillates strongly over the period of this limit cycle. Moreover it turns out that the convergence to the limit cycle is quite slow so that the • and cross-section aspect ratio h:w=1:2 magnetized along −e2 (see the inset), as a function of the scaled actuation frequency, ω/ω0, for different magnitudes of the axial magnetic field (δ). Solid lines stand for the constant in-sync solutions (20) and long-dashed lines to asynchronous solutions.
standard deviation from the mean velocity for δ = 0.2 at ω/ω 0 = 3 is ∼ 10% when averaging over 100 field revolutions while it drops to ∼ 1% when averaging over 1000 periods.
Notice that reversing the magnetization, m → −m yields a parity-transformed object having the reverse propulsion velocity, U z → −U z . It can also be shown explicitly from Eqs. (10)-(12) since taking α = −π/2 and n 2 = −1 yields, as before, ψ = ±π/2, while the corresponding ± signs in Eqs. (16) and in (17) change to ∓. Thus, the propulsion velocity U z ∼ s 2θ s ψ in (14) changes sign.
It should also be stressed that net propulsion occurs for the less symmetric (P -)chiral propeller [25] , while (P -)achiral propeller (i.e., m oriented along e 3 or e 1 ) yields no propulsion even when a constant H z field is present, as we shall see below. Please recall that for δ = 0 magnetization along any principal rotation axis yielded no net propulsion [25] , while here we have shown that adding a static field along the field-rotation axis results in unidirectional propulsion similar to magnetic helices.
Stability of the in-sync solutions. To study stability of the above in-sync solution we substitute n 1 = n 3 = 0, n 2 = n ⊥ = 1 and Φ = α = π/2 into the Eqs. (6)- (8) governing the rotational dynamics and obtain:
We further perturb the steady solution by adding small disturbances to the steady-state values of the angles:
where θ 0 < π/2 and ϕ 0 are the steady in-sync solutions of Eqs. (16) and (17), respectively, and λ is the perturbation growth rate. Substituting this ansatz into (21) (22) (23) and linearizing over the the perturbation amplitudes, u = (θ 1 , ψ 1 , ϕ 1 ), we readily obtain the homogeneous system of equations, P u = 0, where
where λ = λ/ω 0 . The solvability condition det P = 0 yields the cubic equation λ 3 + q λ 2 + r λ + s = 0 where the coefficients after some algebra reduce to
In general, the stability criterion, i.e., real part of all three roots λ should be negative, requires q, r, s > 0 together with the condition qr > s [31] . The condition q > 0 readily gives cos ϕ 0 < 0. This condition is also evident from minimizing the magnetic energy, which in this case reduces to E = −m · H = mHc ϕ0 . Notice that this condition ceases to hold exactly at the frequency ω s-o . The condition s > 0 then yields cot 2θ 0 > 0. Since we consider the solution with sin 2θ 0 > 0, it follows that cos 2θ 0 > 0 resulting in 0 < θ 0 < π/4. Introducing x ≡ cot θ 0 > 1 and using (16) we can write
and using s ϕ0 = (1 + ε) ω − δx to eliminate ϕ 0 , we obtain a condition on x from r > s/q > 0. The final stability criterion on θ 0 reads
where ǫ p = p(1+ε). The second condition in (24) imposes stricter restrictions on θ 0 and ω in comparison to those imposed by Eqs. (16), (17) at higher values of δ and, in fact, no stable in-sync solutions can be found already for δ 0.478 (see Fig. 4 ). The real part of the dimensionless growth rates Re(λ/ω 0 ) corresponding to the in-sync solution with θ 0 < π/4 for δ = 0.1 (stable) and δ = 0.48 (unstable) are depicted in Figs. 6a,b vs. scaled frequency ω/ω 0 for the V-shaped propeller shown in the inset in Fig. 5 . 
B. Magnetization along the rotation easy-axis e3
When m is oriented along e 3 , i.e., n 3 = 1 and n 1 = n 2 = n ⊥ = 0, we have Φ = 0. Then from Eq. (12) we immediately have c θ = 0 and θ = ±π/2. then from (14) it follows that U z = 0. This regime corresponds to tumbling.
C. Off-plane magnetization along e1-axis
When m is parallel to e 1 , i.e., n 1 = n ⊥ = 1 and n 2 = n 3 = 0, we have Φ = π/2 and α = 0. Then from Eq. (10) we find that (1 + ε) ωs θ s ψ = 0, i.e., ψ = 0 or π. For these values of ψ we have U z = 0 in (14) . Notice that the wobbling angle θ found from (11) and (12) is nontrivial:
where ∓ holds for ψ = 0 and π, respectively. This means that the object will undergo precession with a finite angle θ which is not accompanied by net propulsion in contrast to magnetization along the symmetry axis [32] .
D. Magnetization in e1e2-plane, approximate solution
When m is oriented perpendicular to the rotation easyaxis e 3 (i.e. n 3 = 0, Φ = π/2), it is possible to find an approximate solution assuming ε = 0 (i.e. cylindrical approximation). In this case it readily follows from Eqs. (10)- (11) that t ψ = −t α , meaning ψ = −α or ψ = π − α. Then subtracting Eq. (12) multiplied by s θ from (11) multiplied by c θ /c ψ we obtain
where ± corresponds respectively to ψ = π − α (for 0 < θ < π/2 ) and ψ = −α (for π/2 < θ < π). Thus using s ψ = ±s α and (14) at the zeroth order approximation in ε we arrive at
The transverse (to e 3 ) magnetization also results in unidirectional propulsion with constant velocity as was found for the in-plane magnetization along e 2 in Sec. IV A. Notice that the propulsion velocity in (27) attains its maximum value at α = π/2, corresponding to m e 2 , which agrees with the exact result (20) up to O(ε). The in-sync propulsion (27) persists in a limited range of actuation frequencies, ω * < ω < ω s-o . Considering a solution corresponding to an acute precession angle θ and noting that the solution of the rotational problem assuming cylindrical anisotropy does not depend on α, we find that ω * and ω s-o are given to the first approximation by the respective expressions (18) and (19) at ε = 0, such that
Although we could not find a closed form solution for an arbitrary magnetization for finite δ, it is possible to to take advantage of the cylindrical approximation (ε ≃ 0) for which an exact analytical solution is known for an in-plane rotating field for δ = 0 (see [24] ), and construct a small O(δ) expansion around it. This approximation provides closed-form solutions for the lowfrequency "tumbling" (θ = π/2) and high-frequency "wobbling" (θ < π/2) regimes of in-sync actuation. The explicit form of the "tumbling" solution at low frequencies, 0 < ω < ω t-w , where ω t-w = c Φ , is given by
At higher frequencies ω t-w < ω < ω s-o , where the stepout frequency is ω s-o = c 2 Φ + s 2 Φ p 2 , the two symmetric modes of the wobbling solution are given by
whereas ϕ 1 = ϕ 2 = 0. We therefore look for a solution to the rotational problem for finite 0 < δ ≪ 1 as regular perturbation in δ via θ = θ 0 + δθ 1 + . . ., ψ = ψ 0 + δψ 1 + . . ., ϕ = δϕ 1 + . . ., where the superscript "0" stands for the zero-order "tumbling" solution (29) . Substituting these expansions into Eqs. (10)- (12), collecting O(δ) terms and solving the resulting system of equations for the first-order corrections to the Euler angles in "tumbling" regime gives:
Analogous expansion around the zero-order "wobbling" solution in Eq. (30)- (31) yields the following O(δ)-correction (identical for both solution branches):
and
.
Although the regular asymptotic expansions in (32)- (33) break down in the vicinity of of the tumbling-to-wobbling transition, they are expected to closely approximate the solution elsewhere, i.e., except for the vicinity of ω t-w .
To illustrate the applicability of this approximation we compute the propulsion velocity of V-shaped propeller magnetized in its plane by numerically integrating Eqs. (6)- (8) to find the solution of the rotational problem, and then compare these numerical result with O(δ) asymptotic prediction. When the V-shape is magnetized in its plane (but not along one of the principal rotation axes), it can efficiently propel even if actuated by an in-plane rotating magnetic field (i.e., for δ = 0) above certain actuation frequency in a "wobbling" regime by a spontaneous symmetry breaking [25] , whereas it can move in either (±z) direction depending on its initial orientation. The resultant symmetric velocity-frequency dependence is depicted in Fig. 7 (gray solid line) . Turning on the constant H z field removes the degeneracy between two branches of the symmetric pitchfork "balloon" that bifurcates into a continuous (lower) branch and an isolated (upper) branch materializing over a limited range of actuation frequencies (red solid lines). In other words, symmetric pitchfork "balloon" is structurally unstable and it bifurcates similarly to the imperfection-sensitivity diagram of compressional buckling of an elastic rod [33] .
The frequency range of the isolated solution branch shrinks as δ increases and disappears completely for δ ≈ 0.18 (see the blue curve in Fig. 7) . The vanishing of the second branch of the solution can potentially be used for enhanced passive control of propulsion of planar magnetic micro/nanomotors. The effect of turning on the static H z field is analogous to the effect of transverse rotational anisotropy of the magnetic propeller driven by an in-plane rotating field with ε (rather than δ) playing a role of the "imperfection parameter" in bifurcation of the symmetric pitchfork "balloon" dependence (see Fig. 4 in [24] ). The dashed color lines in Fig. 7 correspond to small-δ approximation for the in-sync velocity (14) upon substituting the first-order expansions for the Euler angles, θ = θ 0 + δθ 1 , ψ = ψ 0 + δψ 1 using Eqs. (29) and (32) at low frequencies or Eqs. (31) and (33) at high frequencies. It can be readily seen that the agreement between the numerical results and O(δ) asymptotic theory is quite accurate, except at the the vicinity of ω t-w where both expansions break down. The step-out frequency is only slightly altered by finite δ and ε and can be predicted quite accurately by the expression ω s-o = c 2 Φ + s 2 Φ p 2 .
V. CONCLUDING REMARKS
As a magnetized object is driven by an externally applied magnetic field, the equations governing its evolution are invariant only under symmetries which preserve this field. The in-plane rotating magnetic field H = H(x cos ωt +ŷ sin ωt) is invariant under parity P and C R z that involves charge conjugation. It was demonstrated in [25] that highly symmetrical (achiral, i.e, Peven) planar V-shaped objects exhibit no net propulsion while individual less symmetrical ( C P -even) propellers can propel quite efficiently. In the latter case the propulsion direction, i.e., +z or −z, is controlled by the object initial orientation which serves as to 'spontaneously break the symmetry', thus a large collection of such propellers having random initial orientations would at most exhibit symmetric spreading with zero ensemble average velocity. This finding is relevant to practical applications, as it indicates that a collection of 2D ferromagnetic micro/nanomotors that are prone to in-plan magnetization and can be fabricated using standard lithography methods, could not be steered in a controlled fashion. Particular orientation of the magnetic moment, m, rendering the V-shape C P -chiral does yield unidirectional propulsion typically associated with helical structures, however, it requires off-plane magnetization which is not easy to achieve.
It was pointed out in [25] that C R z -symmetry is special to the case of plane rotating field and it would be interesting to explore modification of the actuating field that breaks this symmetry. In the present paper we examined how the results of [25] change upon adding a constant magnetic field along the field rotation z-axis that breaks the R z C-symmetry, but preserves P -symmetry. Our analysis confirms that such modification of the actuating field removes the degeneracy of the plane rotating field and results in enantiomeric selection of the propulsion direction of magnetized in-plane symmetric V-shaped objects (see Fig. 7) . Surprisingly, magnetization along the V-shape symmetry axis (rendering the 2D object ( P )-chiral) results in unidirectional in-sync propulsion with constant (frequency-independent) speed in a limited range of frequencies (see Fig. 5 ). Recall that for an in-plane rotating magnetic field, a magnetization along any principal axis yielded no propulsion. The P -even object magnetized along a principal axis still exhibits no propulsion even when actuated by this less symmetrical conically rotating field.
Note that for highly symmetrical ( C P -achiral) Vshaped propellers the orientation of the constant field controls the direction of propulsion, similar to what was observed for flexible magnetic nanowires in [16] . For instance, the direction of propulsion in Fig. 5 will not change upon reversal of the direction of the field rotation. The results shown in Fig. 7 demonstrate that the same holds more generally provided that δ is not too small. For rigid magnetic helices, on the other hand, the propulsion direction is controlled by the rotation direction of the magnetic field and its intrinsic handedness, while reversal of propulsion is anticipated upon reversal of the field rotation. The flexible nanowires in [16] preserved the propulsion direction upon reversal of the field rotation because they had no intrinsic handedness and the acquired chirality was controlled by the direction of the field rotation.
The developed theory of magnetic actuation using a conically rotating field should be most relevant towards enhanced control of propulsion of swarms of 2D micro/nanopropellers without the need of individual-level feedback control [20] .
In the laboratory frame, the translational velocity of a propeller is U l = R T · U b where R T is the transposed rotation matrix. From Eqs. (2) we have
b where the components of the angular velocity Ω b in the body-frame are determined by Eq. (5). For the chubby V-shape propeller (as in Fig. 2b ), the only nontrivial entries of the coupling matrix G are G 13 ≡ G 31 . Therefore the linear velocity in the body-frame reads
Thus, the components of the translational velocity in the laboratory frame read: It is seen that in the in-sync regime where ϕ = ωt + Const, ψ = Const, θ = Const, the components U x and U y oscillate with the field frequency ω and have zero mean upon averaging over a period T = 2π/ω. At the same time, the component U z does not depend on time.
Let us consider the propulsion velocity U z of the symmetric V-shape. Substituting the components of the angular velocity (5) into the third equation of Eqs. (A2) one readily finds
where Ch = G 13 (F 1 −1 + F 3 −1 )/2ℓ.
